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Abstract

In this paper some inequalities representing the growth estimates of entire
algebroidal functions using the tools of relative growth indicators such as
relative type and relative weak type of entire algebroidal functions have been
established.In fact the inequalities obtained here are sharper in the sense of
estimation.
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1. Introduction
Let f; (i = 0,1,2,...,Kk) be entire functions such that they have no common zeros and f, # 0. We define a k-
valued function F with the following irreducible equation constructed by f; (i = 0,1,2,...,k) with f, # 0:
fk FK+fk_1 Fk_1+fk_2 Fk_2+ ............... +f0 =0.
We can say F as a k-valued algebroidal function if at least one of the f (i=0,12,...,k) is
transcendental.Moreover, for f,=1 F is defined to be a k-valued entire algebroidal function.

Bernal[2] coined the notion of relativeness of growth indicators of entire functions and following this concept,
several researchers like Datta et al.[4] established more powerful results taking into consideration of some
advanced class of growth indicators one of which is from the view point of slowly changing function L(r) which is
nothing but a positive continuous function satisfying

L(ar)
L(r)
where 'a’ being a positive constant. In this connection the notion of index pair in case of entire functions may
be recalled :
Juneja, Kapoor and Bajpai [7] defined the (p,q)-th order p,(p,q) and (p,q)-th lower order A¢(p,q) of an
entire function f respectively as follows:

—lasr — oo,

log*M; (r) log!P'M; (1)

pr(Pa) = ll_)rg sup loglalr and 4 (p,q) = 31_)12 inf loglaly
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where p,q are any two positive integers with p > q. These definitions extend the generalized order p}” and
generalized lower order /1][(” of an entire function f considered by Titchmarsh[12] for each integer 1>2 since these
correspond to the particular case p)[f] =pr(L1) and A][f] =, 1) . Clearly, ps(2,1) = pyand A;(2,1) = 4;.
In this connection, let us recall that if 0 < p¢(p,q) < oo, then the following properties hold
pr(@—mnq) = forn<p,ps(p,q—n)=0forn<g,andp;(p+n,q+n)=1forn=12,.
Similarly for 0 < 4, (p, q) < oo, one can easily verify that
A@—nq)=wforn<pA(@Pq—n)=0forn<qand A;(p+nq+n)=1forn=12,...
Recalling that for any pair of integers m and n the Kronecker function is defined by
6pn=1 for m=n and
8pn =0 for m=n,
the aforementioned properties provide the following definitions:

1 Definition:[7] An entire function f is said to have index-pair (1,1) if 0 < p,(1,1) < co. Otherwise, f is said to
have index-pair (p,q) # (1,1),p=q = 1,if §,_qo < pe(p,q) <o and ps(p—1,9—1) ¢ R".

2 Definition: [7] An entire function f is said to have lower index-pair (1,1) if 0 < 4,(1,1) < o.. Otherwise, f is
said to have lower index-pair (p,q) # (1,1),p =2 q = 1,0,_40 < 4 (p,q) <o and A;(p —1,q — 1) ¢ R".

An entire function f of index-pair (p,q) is said to be of regular (p,q)-growth if its (p,q)-th order coincides with
its (p,q)-th lower order, otherwise f is said to be of irregular (p,q)-growth.

Further, to compare the growths of entire functions having the same (p,q)-th order, Juneja, Kapoor and Bajpai
[8] also introduced the concepts of (p,q)-th type and (p,q)-th lower type. Using the concept of relative growth
indicators as initiated by Bernal [2] along with the help of the slowly changing functions Datta et al.[5] proved
some results in the direction of relative L-order(relative L- lower order), relative L-type(relative L- weak type). In
a like manner these can be developed from the view point of relative L-index pair of an entire function f with
respect to the entire function g as follows:

log®PIM; M, (1)
—thL— L (p D — | 9 "9 TV
(i) relative(p,q) —th L — order P log (rL(r))
. logP' M M, (r)
= limin f—
o log(rL(n))

log?= UMM, (r
(iii) relative (p,q) — th L — type La(p D = limsup g (,J)q ;
r—o0 (log[q 1] (T.L(T.))) Pg (f)
L (p.q)

log?=1IM; ' M; (1)
(iv) relative(p,q) — th L — weak type "7, = liminf o
"% (loglati(rL(r))) o Gl
log? M M (1)

(iDrelative(p,q) — th L — lower order “AY®

(p q)

(v)relative (p,q) — th L — lower type = liminf ;
b4 yp mir PR
(log[q 1] (TL(r))) Py "’
. .. L=p,q) _ 1 loglP—1p 1Mf(r)
(vi)the growth indicator “T,"" = limsup,_,., 5

(togle-1GrLa)) 4 O
In this paper we wish to derive some inequalities focusing on the comparative growth estimates of entire
algebroidal functions by means of relative growth indicators especially different kinds of types of those functions
from the view point of slowly changing functions. The standard definitions, theories and techniques related to our
discussion will not be explained in detail as those are available in VValiron[13] and Holland[6].

2. Research Method : Lemmas:
In this section we will present some lemmas which will be needed in our subsequent discussion.
First of all let us recall the following theorem due to Ruiz et al. [10]
Theorem A [10] : Let fand g be any two entire functions with index-pair (m,q) and (m,p), respectively, where
p,g,m are all positive integers such that m>p and m>q. Then
Ar(m,q) < 279 (F) < min {Af (m, q) P (m, q)} < max {/’If (m,q) ps(m, q)} P0(f) < pr(m,q)
pg(m,p) ~ 7 Ay (m,p)" py(m, p) Ag(m,p)’ pg(m,p) Ag(m,p)
From the conclusion of the above theorem, we present the following two lemmas which will be needed in the
sequel.
Lemmal [10] Let f be an entire function with index-pair (m,q) and g be an entire function of regular (m,p)-
growth where p,q,m are all positive integers such that m>p and m>g. Then

0 (f) = 1) AL
D= pymp D=5 )
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Lemma 2 [10] Let f be an entire function with index-pair (m,q) and g be an entire function of regular (m,p)-
growth where p,g,m are all positive integers such that m>p and m>q. Then

pépr@(f) — Af(m’ Q) and Aéprq)(f) — pf(m’ q)

A4 (m,p) pg(m,p)’
3. Results and Analysis.
Here we state the main results of the chapter. In this section let us first mention the primary assumptions in
carrying out all the theorems along with the corollaries deduced from them.The assumptions are as follows:
Let F and G be two k-vauled entire algebroidal functions such that
F¥+ fu FF1 4 f o FF 2+ L + fo=
GK+ g 1GF 1+ gp,GF 2+ L + go=0

where f; (i=10,12,...,k—1) and g; (i=0,1,2, ...,k — 1) are entire functions having no common zeros.Also
let us assume that

(i) both F and G have relative L-index pair (p,q),

(i) f; (i=0,1,2,....,k— 1)are entire functions with relative index-pairs (m,q) ,

(iii) g; (i=0,1,2, ....,k — 1) are entire functions with relative index-pairs (m,p) and

(iv) g;'s are of regular (m,p)- growth

where p,q,m are all positive integers such that m > min{p,q}.

Now we will present the detailed proof of Theorem 1 for the sake of completeness which in fact can be regarded
the main theorem of the present paper. The others are basically omitted since they are easily proven with the same
techniques or with some easy reasoning.

Theorem 1 In connection to the primary assumptions as stated above we get the following conclusion:

1
[ Lafi (m, q)] tog;tmm

1 1
A K I A TO) K
L
9, (m, q)

< L5PV(F) < min [ _
& (0 7, mq) 70y, (M)

1 1
. [Lafi(m.q)} Tpg ) [Lafi(m,q)]%g.«m.m
tg,, (m,q) ta,,(m, q)

1

. 1
< L®D(p) < [ a5, (m, Q)] "eg (mp)
ag,(m,q)

where the notations have already been explained in Section 1.
Proof From the definitions of Lofi (m, q) and Lc‘rfi (m, q), we have for all sufficiently large values of r that

L (m,q)
My, (r) < exp™~1 {( Loy, (m,q) +€) <(log[q‘1](rL(r))) o1 )}, (1)

L_(m,q)
M, () > explm=1] {( L&fi (m,q) —¢) ((log[q—l](‘r'L(r))) Pfi )} (2)

and also for a sequence of values of r tending to infinity we get that

L (m.q)
My, (1) = exp™~1 {( Lor,(m,q) —€) ((log[q‘l](rL(r))) gl )}, (3)
L (m,q)

M, () < expm=1] {( L&fi (m,q) +€) ((log[q—l](‘r'L(r))) oF )} 4)

Similarly from the definitions of Lagi (m,p) and L&fi (m, q) it follows for all sufficiently large values of r that

My, () < exp!™ 1 {( La,,(m,p) +¢€) ((log[P—l](rL(T))) pgi(mm)}
r< Myi_l [exp[m—l] {( ngi(m,p) + E) ((log[p_l](TL(r))) Pgi(m.P)>}]

1
log [m_l](rL(r)) Lpgi(m,p) (5)
(Logl.(m,p)+e) '

ie, M, '(r) = explrl (
- _ _ "pg;(mp)
My, (r) 2 exp™ {( tG,,(m,p) —¢) ((log[p 1](rL(r))) )}
e, r<M,™ [exp[m_l] {( £3;,(m,p) —€) ((log[p_l](rL(r))) pgi(m,p))}]

1
[m-1] Log,mp)
log (rL(r))) gi (6)

e, M, ') =explrl
gi @) 1Y (Lﬁgi(m,p)—E)
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and for a sequence of values of r tending to infinity we obtain that

My, (r) 2 exp[m - {( t (m,p) — E) <(10g[p—1](rL(T))) pri(m'p))}
ie, r=M~ [exp[m - {( Lg,,(m,p) —€) ((log[”_”(rL(r))) pri(m,p))}]

1

) _ [m-1] Lpg;(mp)
ie, M, '(r)<explU ™ i) (rLEr)) ! , )
(tog,Gmp)—e)

My, (r) < expl™ ™ {( *5,,(m,p) +¢€) ((IOg[pl](rL(r))) L”g,-<mm>)}
e, r<M,™ [exp[ml] {( *G,,(m,p) + €) ((log[””(rL(r))) Lpgi(m,p))}]

1

fm—1] Lpg;amp)
. 1 p-11|( leg (rL™) 9i
.e. > —_— .
e, M, (r)=exp ((Lﬁgi(m,p)+6) 8)

Now from (3) and in view of (5), we get for a sequence of values of r tending to infinity that
L, (m,q)
logP =M, ="My, () = log?~1IM, ™ [exp[m‘” {( Lo;,(m,q) — €) <(log[q‘1](rL(r))) o1 )}]

L, (m q) pg'(mp)
log [m=1lgxp [m=1] (Lcrfi(m,q)—e) (log a- 1](TL(T))

ie., logP~IM, 'M;,(r) = log?Vexplr 1|

( Lcrgi(m,p)+e)

/I
1
L — f (m,q)
i p-1lps -1 > M Pgi(mP) ( lg—1] )Ll’g-(m.IJ)

e log?™" My~ My (r) 2 [( o mp)te) logl'~t(rL(r)) ) "o

1
ie. lug[p‘l]Mgi_lﬂzfi(r) > (iafi(m,q)—e) Lpgi(m.r)' ©)
pf;(ma) ( Ugi(m,p)+e)A
(1ogla-11(rL.(ry)) “Poi™P)

As g(>0) is arbitrary, in view of Lemma 2 it follows that

1

. log®="IM,,~ M, (1) [ Loy, (m, q)] Pegimp
limsup > |
roe bod @) | oy, (m,p)

(loglq—l](rL(r)))

b ) Ty
LO.C(;P,Q)(F) > [ Ufi(m‘q)] Pg;( 'p)' (10)

Loy (m.p)
gi
Analogously from (2) and in view of (8), it follows for a sequence of values of r tending to infinity that

L,(m,q)
o0, 0 g0, e {1 10) )H

1

ie., log? UM, ~"M; (r) = logP~UexpP~1]

(mq) P (mp)
/log[m_l]exp [m_l]{(LEfi(m,q)—e)<(log[q 1](TL(T)) >}\ g

|\ (LEgi(m,p)+e)

1 Logma)

L- L
i p-1lpy —1 (‘77 mar=e)| ogimp [g-1] Lpgmp)
ie, log?~M, Mfi(r)Z[(LEgi(m,,,)ﬁ) (togl=1(rL(r))) "o

1

. logP=1my ~1ms. () (Lar,n.0)—€)] Log;mp)
L L > L
l.e., Lpfi(mv'l) = (Lﬁgi(m,p)+s) . (11)
(1ogla-11(r1.(r))) “Poi™P)
Since &(>0) is arbitrary, we get from above and Lemma 2 that
1
) log"=tIM 1M .M LEf_(m, Q)| Legimm
limsup PR > > l(m )
o F (m,
' (log[‘?—l](rL(r))) & 9i
1
L- T
L_1.9) ar;(maq)] “pg;(mp)
R O e R (12)
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Again in view of (6), we have from (1) for all sufficiently large values of r that

Los,ma)
log?”"IM,, "My, (1) < log~11M,, [exp“"_” {( or, (m, ) + ) ((IOg[q—” (L)) " )H

1
L (m,q) Lp i(m,p)
Lcrfi(m,q)+e)<(log [qfl](rL(r))) Pri >}\| !

(log[ lexp m 1]{(
. p—1] -1 < [p-1] [p-1]
i.e., . log? M, My (r) < log? Hexp (1a4,(mp)—¢)

_r Los,ma)
. _ n.q)+e) | Log,mp) _ T o
ie, logP 1]M 11\/1 r) < (1‘17 ! loglt=(rL(r pg;(mP)
9 ( ) ( L.(m,p) E) ( 9 ( ( )))
log P~y "My () Lop ma)+e)| Log;omm
e, a0 fUenonoe)l o, (13)
erima = |( L7y, (mp)-e)

L
(togla=11(rL (1)) “Pos™P)

Since g(>0) is arbitrary, we obtain in view of Lemma 2 that
1

limsup logP=1IM, ="My, (1) Lo;,(m, q)] Tog,mp)
r—00 LPE;p q)(F) - ngi(m:p)

(log[‘?‘l](rL(r)))
1

L —

ie, Loép'q)(F)s [ afi(m.q)] pgi(m,p).

Lz, (m,p)
9gi
Again from (2) and in view of (5), we get for all sufficiently large values of r that

L (mq)

(14)

L, (m q) pyl(mp)
log [m=1lgxp [m=1] (Lc_rfi(m,q)—e) (log a- 1](TL(T))

ie., logP=IM, ' M;,(r) = log?Vexplr—1 |

( Lagi(m,p)+e)

I
Ll’fi (mq)

1
L= L
- p-1lpy -1 (“7roma=e)| Peautme) () ) 1 Togymp)
e g, g 0 2 [ P (tog () e

ie.,

log Py, My, ) [(L‘?fi(""‘”‘f)] Lpg"(m'p), (15)

Lﬂfi(m.‘I) - (Lagi(m,p)+e)

L
(togla=11(rL (1)) “Pos™P)

As €(>0) is arbitrary, it follows from above and Lemma 2 that
1

log[”_l]Mgi_lei(r) - Lﬁfi(m,q) Lpgimp)
Lpép.q)(F)— Lo'gi(m'P)

liminf

o (log[q—l] (rL(r)))

Ly T, o
. _ m.0)] Tog, m,
ie, LGP D (F) > [M] pgymp) (16)

Loy (mp)
gi
Also in view of (7), we get from (1) for a sequence of values of r tending to infinity that

L _(m,q)
log[”_”Mgi_lei (< log[”_l]Mgi_1 [exp[m_l] {( Lafi (m,q) + E) ((log[‘"l](rL(r))) Pri )}]

1

L, (m q) pg;(mp)
/log[m_l]exp [m_l]{( Lofi(m,q)+e)<(log[q 1](rL(r)) >} 9
i.e., log?= M, 7'M, (1) < logP~Vexplr 11|

|
(Coputn—o) )

Log, map)

1
m, e)| Lpg.(m,
e, log?~IM, ~'M; (1) < [%] poicm (log[q_l](rL(r))) Logy(mp)
og;(mp)—e

ie.,

1
log Py, ~My () < [(L”fi(m'q)+s)] “pg;(mp) . @an

Ll’fi(m'q) - (Logi(m,p)—e)
(10gla-11(r1,(r))) “PoimP)
Since ¢(>0) is arbitrary, we get from Lemma 1 and above that
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1
log?=1M ~M. (r Lo (m,q) ] Fogrmp) s
liminf ———— f[(@)q)( )~ [Laflgm Z;] 9
r—0 o0 m,
(log[‘f‘l](rL(r))) ¢ g
L N SN
i L=(0,9) < ”fi(mrq)] pg;mp)
ie, a; (F) < [7ngi(m'p) ) (18)

Similarly from (4) and in view of (6), it follows for a sequence of values of r tending to infinity that
Lo, (ma)
log?=M, ~'M; () < log?~m, ! [exp["’” {( L. (mq) +€) ((log[q”(rL(r))) Prima )}]
1

L T
log™~Yexp [m’l]{( L5, (m.q)+s)((log la=1(rL())) bri (m'q))} pg;(mp)

i.e, log?=M, ~'M; (1) < logP~Uexplr 1] )
g, (mp)—e

1 Lop ama)

L= T, o
i -1y -1 (ar maree)| Fegmp lg-1] Log,omp)
i.e, log? tM, — M, (r) < [( CE—— (log (TL(r))) g

ie., (19)

1
log [P—UMgL,‘leL.(r) (Lﬁfi(m,q)+e) Lpgi(m,r)
Lop,ma) — )

()
(1ogla=11(rL.(r))) “PoimP)
As €(>0) is arbitrary, we obtain from Lemma 1 and above that

1
log[p_l]Mgi_lei @) < [ Lgfi (m, Q)] Log;mp)

liminf
r 00 Lp(P.ll)(F) il ,(m,p)
(togla=21(rL(ry)) o
1
Lz T, oS
. _(p, 7r,(ma)] “og;mp)
1.e, LO'[(;p 0 (F) < [m] i . (20)

Thus the theorem follows from (10), (12), (14), (16), (18) and (20).

Remark 1 Let us consider m=1,p=q=1,i=0,k=1;F=exp z,G=exp z,h=exp z,f,=2,g,=z and L(r)=log r.
Then we see that the equality cannot be removed in Theorem 1.

Under the assumptions of Theorem 1, the following corollary may easily be obtained :
Corollary 1

1 1

L  a— L= b a—
L) gy — [_0rima] “egime) L=0.0) gy — |_TF:0D] “pgimp)
@) Lol V) = [ and L5 O(F) = [

(2) Inaddition, if ‘oy,(m,q) = o, (mp).Then LolP(F)= 'gPV(F)=1.
(3) Inaddition, if ‘o7, (m,q) = *a;,(m,q) . Then

1

L T

L _(p.q) _ L= _ O'fi(m, Q)| Leg;mm
o V(F)= ' V(F) = [—
¢ ¢ La,,(m,p)

(4) In addition to the following condition "oy, (m, q) = "g,,(m,p) ,this result follows:
Laép’q)(F) — L&ép’q)(F) — LJF(q,p)(G) — LaF(q,p)(G) — 1.

6) () 'ofP(F)= '6P(F)=co when ‘g, (mp)=0and

(i) Laép'Q)(F) = L&é”'q)(F) =0 when Lagi(m,p) = oo,
©® () ‘o (F)=0 when o;,(mq) =0,

(i) GPV(F) = 0when 3 (m,q) =0,

(i) o (F) = co when “o;,(m,q) = o and

(iv) LE(EM)(F) = oo when LEfi (m,q) = .

In the line of Theorem 1 and with the help of Lemma 2 , one can easily establish the following theorem and
therefore its proof is omitted:
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Theorem 2 Following the assumptions of Theorem 1, the result follows :

1
[ Lafi (m, q@)] tog;mp

1 1
t Jgi (m' p)

< LPD(F) <min [ ~ ,
¢ Lay,(m,p) La,,(m,p)

LEP(Fy <

1 1 1
g (m, )] Pegmm [ “ar,(m, q)| Feg,mp) Lar,(m, q)] Pogitmp)
=M |15, ) ' T, (mp) G, (mp)
gi 4 gi 4 9gi 4

Proof From the definitions of Lffi (m,q) and erl. (m, q), we have for all sufficiently large values of r that

My, (r) < explm~1] {( "7, (m,q) +€) ((log[q”(rL(r))) Llfi(m'q))}, (21)

Lag,mq)
My, (r) = exp™ 13 (1, (m,q) — €) <(log[q1](rL(r))) ) . (22)
and also for a sequence of values of r tending to infinity we get that

Lag mg)
My, (r) = exp™ 13 (17, (m,q) — €) <(log[‘7‘1](rL(r))) ) . (23)

My, (r) < exp™ 1 (1 (mq) + €) <(log[‘7‘1](rL(r))) Llfi(m'q)) . (24

Similarly from the definitions of “Z, (m,q) and *z;,(m, q) it follows for all sufficiently large values of r that

M,,(r) < explm ] {( LZ, (m,p) +€) <(109[q_1](rL(r))) ng,-(m,p))}
ie,r< Myi_l [exp[m—ll {( L7, (m,p) +€) <(10g[q—1](rL(r))) ulg,-(m,p)>}]

1
m=11(rL (r Ly i(mp)
log ( L( ))) g ’ (25)

o -1 > [p-1]
le, My, (r) = exp (Lfyi(m’pHG)

My, (r) 2 explm ™ {( "7,,(m,p) — €) <(log[”—1](rL(T))) ngi<m,v>>}
ie,r =M, [exl’[m_l] {( b1, (m,p) —€) <(log[”_1](rL(r))) ngi(mlp))}]

1
log [m_l](rL (r))) ngi(m,q)

i, M, '(r) < explP~U 26
1. 9i (T) = exp (L‘rgi(m,P)—e) ( )
and for a sequence of values of r tending to infinity we obtain that
_ "ag,(mp)
M,,(r) = explm ] {( 7, (mp) —€) ((log[q‘l](rL(r))) ! }

ie,r= Mgi_l [eXp[m—l] {( Lfgi(m, p) —¢€) <(109[p_1](rL(r))) ulg.-(m.p)>}]

1
log [m_l](rL ™) ngi(m,q)
Comod) |

ie, M, 7' (1) < explP~l] ( 27)

My, (r) < exp™ ] {( L1, (mp) +€) ((log[P—l](rL(T))) lgi(mm)}

ie,r < Myi_l [exp[m_l] {( Lrgi(m, p) + E) ((log[p_”(rL(r))) lgi(m,p))}]

1
log [m_l](rL(r)) ngi(m,p)
(L‘rgi(m,p)+e) '

. -1 —

i.e, My, ' (r) = explP~!l ( (28)

Now using the same technique of Theorem 1, one can easily prove the conclusion of the present theorem by the
help of Lemma 2 .Therefore the remaining part of the proof of the present theorem is omitted.

In view of Theorem 2, the following corollary can easily be derived:
Corollary 2

1 1

L T L T
Lz0.0) gy = [0 “ogimp) L)y — [_2fimD] “egimp
1) LTeOF) = [Lag,. - and el O(F) = | .

(2) Inaddition, if oy (m,q) = 3, (mp). Then LEPP(F)= LIP(6)=1.
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(3) Inaddition, if Lafi (mq) = Lﬁfi (m,q) and f; are entire functions of regular (m,q)- growth . Then
1

Lo, (m, @) "eg;mm»
L@@ gy = L @D gy = [L] e
FUE) = ) = |
(4) In addition to the following condition Lafi (mq) = Lﬁgi(m, p) and g is of regular (m,p)-th growth then
Lfép'q)(F) — LTéprq)(F) — L‘l_';gq'p)(G) — LTéq.P)(G) =1.
G () ZPPF) = L4PP(F) = 0 when ‘g, (m,p)=0and
iy LZPPFE)= L4PP(F) =0 when ‘g, (m,p) = o
6 () tPP(F)=0 when lg;(mq)=0,
iy PP (F)=0when '6;,(m,q) =0,
(i) “TPV(F) = o when tor.(m,q) = o and
(iv) Lr((;p'q)(F) = oo when "g;,(m,q) = .
As a consequence of Theorem 1 and Theorem 2 and with the help of Lemma 1 and Lemma 2, the following two
theorems can be proved easily and therefore their proofs are omitted:
Theorem 3 In connection to the assumptions of Theorem 1 we get the following conclusion:
1
[eri (m, q)| "2z, m0

1 1
LTfi (ml q):| ngi (ma) [ Lffi (ml Q) L}L.qi (m.a)
7, (m,p) '

< L‘L'(p'q)(F) < min [ =
¢ by, (m,p) L7, (m,p)

1 1 1
< max [ L17,(m, q)] Pggtma) [ L, (m, q)] Lig;(ma) LDy < L1, (m, q) ] Paggma)
*1,,(m, p) *7,,(m,p) ¢ t14,(m, p)
In view of Theorem 3, the following corollary may also be obtained:
Corollary 3
1 1
Lz L L T
L=(p.q) _ [ Trima)] Fagima L) | )] Fagma)
@ 0@ = [ a0 = [0 .

(2) Inaddition, if %, (m,q) = 7, (mp). Then Z0P(F)= Lz (6)=1.
(3) Inaddition, if Lffi (m,q) = eri (m,q) and f; are entire functions of regular (m,q)- growth . Then
1

Lz RV
L=.a) L) | T (m, q)] tag;oma
()= g (F)—[_—

*7,,(m,p)

(4) In addition to the following condition 7, (m,q) = "7,,(m,p) and f; ‘s are of regular (m,q)-th growth then
Lf((;p'q)(F) - LTép'q)(F) — L,L—_}(:Q»P)(G) — L,L_l(:q,p)(G) -1

G) () “TPPFE) = 1PP(F) =0 when "7, (m,p) = 0and

(i) “PPE) = LPPF) =0 when 'z, (m,p) = oo,
6) () “TPP(F)=0 when "%, (m,q) =0,

iy “PP(F)=0when 1.(m,q) = 0,

(i)  LTPV(F) = o when T (m,q) = o and

(iv) LTC(;p’Q)(F) = oo when L‘rfi (m,q) =,

Theorem 4 Under the primary assumptions as laid down in Theorem 1 the following conclusion can be derived:

1 1 1
[ LTfi (m, @)] “2g;0ma LTfi (m, CI)] Lag,oma) [ Lffi (m, q)| "4g;0ma)

< LFPO(F) < min [

L‘Egi (m.p) LTQi (m,p) ' Lf.gi (m,p)
L T L — L 1
77, (m, @) | 2g;ma [ “Tf, (M, q)| “3g;ma) 7. (m, q)| “ag;ma>
< max [M 9 q ) I:#] 9 q < Lo'ép'q)(F) < . fL( CI) g q
7,,(m,p) 7,,(m,p) 7, (m,p)

The following remark can be highlighted from the view of Theorem 4 :

Remark 2
1 1
Lz T, cma L T
L=(p,q) _ [ Frimad] fag;oma L_(p.49) _ [ 7] Fagoma
S (F)_[Lfg,.(m,w] and g (F)_[Lfgi(m.p) '

(2) Inaddition, if 7 (m,q) = "7,,(m,p) and f; ‘s are of regular (m,q)— growth then LEP () =
L (6) = 1.
(3) Inaddition, if Lr‘fi (m,q) = erl, (m,q) and f; are entire functions of regular (m,q)- growth . Then
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1
L= T, o
LD = L0 | (D] Haima
F) = F)=|—77"—"F7——
T; ( ) T; ( ) I:Lfgi(m;p)
(4) In addition to the following condition “7;,(m,q) = 7, (m,p) and f; ‘s are of regular (m,q)-th growth then
Lfép'q)(F) — LTéprq)(F) — L,L—_ngrp)(G) — L_L_I(:!/I.P)(G) =1
G) () ZPPF) = LPP(F) = o when 7, (mp) = 0and
iy LEPPFE) = HPP(F) =0 when 7, (mp) = .
6 () tPP(F)=0 when % (m,q) =0,
iy PP (F)=0when 76, (m,q) = 0,
(i)  “TPV(F) = o when L7 (m,q) = o and
(iv) “tPP(F) = oo when brp (m,q) = .
Now we state the following two theorems in the line of Theorem 1 and with the help of Theorem A the proof of

the theorems can easily be derived:
Theorem 5 Considering the primary assumptions the following result can be drawn:

1 1
L= I, L I, o~
ar,(m, q)] “4g;ma> [ af.(m,q)] Ag; (m,a) L o
max< | ———— — < ‘o (F)
[ by, (m,p) b1y, (m, p) ¢
1 1 1
) Lffi (m, q) ngi(m:‘l) LO—fi (m, q) LPgi(m:ll) Lffi (m, q) Lpgi(m,q)
=M T, ) G, (m,p) G, (m,p)
9gi 4 9gi 4 9gi 4
and
1 1
) ( [ ', (m,q)] Loy ) [Lafi (m, )| g om0 [ 7. (m, @) ", o \I
L— —— e~ NTF T ,
or.(m, Ag;(maq) m o, (m, (m,
[ L_fLE q; g;\ma < Lﬁép’q)(F) < min { gl( p) gl( p) ) gl( p) }
Tg, M P [ 7, (m, q)] Lxgl(mq) [Lffi(m,q) Lpgima) [eri(m,q) (mq) |
\| %%, (m.p) Lg,,(m, p) '5,,(m, p) )

Proof
Now from (3) and in view of (25), we get for a sequence of values of r tending to infinity that

Los, (ma)
1og 11, 1y 1) 2 g, exp 1 { g ) = ) (1oge ) " |

L —
log [m_l]exp [m—l]{( Lgfi(m,q)—E)((log [q—l](rL(T))) pfi(m'q))} *gim)

(L‘fgi(m,p)+e)

ie., log? 1M, 7' M; (r) > log?P~Vexp? 1!

LPfi (m,q)

1
M] P (10g (1)) ) B

; p-1py -1 =
ie, log® "My, My, (r)] = (Lzg,0mp)+e)

1
ie log [p _1]M9i_1Mfi(r) > ( LO'fi (m,q)—e) ngi(m,p)
" Lpfi(m,q) - (L?gi(m,p)+e) ’

L
(togla=11(rL(r)) “Aas™P

L
Since in view of Theorem A, we get that % > LpPD(F) and as £(>0) is arbitrary therefore it follows from
gi\!
above that
1
i logP =M, = My, (1) Lap, (m, q)] “gimp
et Ld V@) | My, (m,p)
(log[q—l](rL(r)))
1
. Ty )
ie, LoD (F) > [L:fi E:Z;] Agy(mp) (29)
gi g

Analogously from (3) and in view of (28), it follows for a sequence of values of r tending to infinity that

Lo (m.q)
log®~ M, ' My, (r) = log?~IM, ™ [exp[m_l] {( LG, (m, q) —€) ((log[q_l](rL(r))) e >}]
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1
L I mo)
log M =1lexp [mfl]{( L. (m_q)_e)((log le-11(r1.6r))) Pf; (mﬂ))} Ag;(mp)

i.e., logP~UM, "M (r) = logP~HexplP~1l (o)
Ty, (mp)—e

LPfi (mq)

1
. - - L5, 0m,)—¢) | Fagymp) _ -
1€, log[p I]Mgi lei (= [W] ! (log[q 1](1"L(r))) Lag (mp)

1
o tog My, My, () [( Lafi(m,q)s)] Lagymp)

Lﬂfi(mﬂ) - (L'[gi(m,p)fs)

L
(log la-1](rL (r))) 4g;(mp)

Now in view of Theorem A, we get that % > LpPD(F) and as £(>0) is arbitrary therefore it follows from
above that .
liminf log[p_l]Mgi_le[ ((:?o = [ ngi o q)]w
™ fgnroay) 70 L
1
. Ls, ma)] Lag,(mp)
ie, LUG(p,q)(F) > [#(m'g] ai0mp) (30)

Again in view of (26), we have from (21) for all sufficiently large values of r that
Ly mq)
log"~!1My, ™ My, (r) < log"~1M,, ™! [exl’[m_l] {( "7, (m,q) + ) <(log[q‘”(rL(r))) " )H
1

Lag,am, Lag;
logm=exp [m_l]{( Lffi(m,q)+e)((log la=1(rL () f'(mq))} Aaime)

(Fratn )

ie., lOg[p_”Mgi_lei (‘r‘) < log[P_l]exp[P—l]

1 “ap,ma)

(Lffi(m'q)“)] gy ) (loglq—ﬂ(rL(r))) Fag mp)

. p-1py -1 <
1.e., log Mgi Mfi (1") - (Lrgi(m,P)_f)

ie log [p_l]Mgi_lei(r) [(Lffi(m,q)+e)] ngi(m,p)

Llfi(m.‘I) - (Lrgi(m,p)—e)
L
(togla=11(rL(r)) “Aa:™P

Mmoo PP
G

Now in view of Theorem A, we get that (F) and as £(>0) is arbitrary therefore it follows from

Lagy(mp) —
above that
1
. lo.g[p_l]Mgi_lei(T) L7y, (m, q)] Mg, tmp)
llrn—l»glf Lp(p.q)(F) - L‘L’ ,(m,p)
(log[‘?—l](rL(r))) ¢ 9i
1
L= P o—
; LD (py < Tfi(m’q)] Ag;(mp)
ie, o@D (F) < [Lrgi — . (31)
Again

Loy, (m.a)
log?~1M,, ™" My, (r) < log? 1M, ™! [exp[m_l] {( Yoy, (m,q) + €) ((109["‘”(“@)) f )}]
1

L T
log [m=1exp m _I]I( Lofi (m,q)+e)((log la-1l(ry, (r))) L (m'q))] Pgi ()

(1)

i.e., logP~UM, 7'M () < log?P~HexplP 1l

1 Logma)

L =
i p-1] 1 ( afi(m,q)+e) pg;m.p) lq—1] Lpg,(mp)
i.e., log? "M, "M, (1) < [7(1“0'91.(171,;7)—6) (log (rL(r))) 9

1
o tog My, M, () _ [(Lof,.(m,q)+s)] Logymp)

Ll’fi(m'q) - (LEgi(m,p)—e)

L
(togla=11(rL(r))) "Poi™P

L
Since in view of Theorem A, we get that % < LpPD(F) and as £(>0) is arbitrary therefore it follows
gi\
from above that
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liminf

1
log[p_l]Mgi_lei 9 [ Lafi (m, CI)] Log;amp)
(log[q‘l](rL(r))

) Lpép.q)(F) - Lagi(m’p)
L 1
i L _(p.q) < T ma)] Lpgmp)
i.e, o V(F) < [ngi(m'p) )

Further in view of (6), we have from (21) for all sufficiently large values of r that
Lae.(mq)
log?=M, ~'M;,(r) < logP~IM, ! [exp[’"” {( L7, (m,q) +€) ((log[q”(rL(r))) fma )}]
1

(32)

L, L
log™~Yexp [m’l]{( Lffi(m.q)+s)((log la=1(rL))) fi (m'q))} pg;(mp)

i.e, log?=M, ~'M; (1) < logP~Uexplr 1] )
g, (mp)—e

1 iy, ma)

L= T, o3
i -1y -1 (Cepymar+e) | Fogmp lg-1] Log,mp)
i.e., log® My~ Mg (r) < [(Lﬁgi(m,p)—e) (log (TL(r))) g

1
ie log [P—”Mgi_le[(r) [( Lffi(m,q)+e)] Lpgi(m,r)

B ma) = | (L, (mp)—e)

L
(togla=11(rL(r))) “Pos™P)
L

Af.(m,
fl(mq)< Lpép,q)

Now in view of Theorem A, we get that T — (F) and as €(>0) is arbitrary therefore it follows from
gi\

above that
1

log[p_l]Mgi_lei ) [ Lffi (m, Q)] Log;(mp)
L (.9 — |l
) a,,(m,p)
(IOg[q—ll(rL(r))) & 0P
1

Lz T

i L, (.9 Tfi(m,q)] pgimp)

1€, o, F)< |-22—= )
¢ ( ) [Lﬁgi(m,p)

Thus the first part of the theorem follows from (29),(30),(31),(32) and (33).
Now from (3) and in view of (25), we get for all sufficiently large values of r that

Los.amq)
1

liminf

T —00

(33)

L —
log [m_l]exp [m—l]{( LEfi(m,q)—E)((log [q—l](rL(T))) pfi(m'q))} *gimP)

(L‘fgi(m,p)+e)

ie. log? 1M, ~'M; (1) = log"~Hexplr 1

1 Logma)

L I _Prma
i b-1lpy —1 (‘a7 =) Fagimp lg-1] Ligymm
le., log My, My, ()= [( Lfgi(m,p)+e) (log (TL(T))) g

i.e.,

1
log [p_l]Mgi_lei(r) S [( Lﬁfi(m,q)—e)] ngi(m,p)

Lﬂfi(m"l) - (L?gi(m,p)+e)

L
(lug [g—1] (TL (T))) lgi(m,l?)

L
Now in view of Theorem A, we get that % > LpPD(F) and as £(>0) is arbitrary therefore it follows from
gi\™!
above that
1
logP=UMm, ~*M, (r Lg. (m, q)]  ag;mm
liminf g gi fl( ) > [L_fl( CI)] g
o0 Ty,(m,p)

L, (@) =
(log[Q—l](rL(T))) G

1

L= T
. L=.q) o, (mq)] “ag;(mp)
L
Since in view of Theorem A, we get that % < Lpép’q)(F) and as g(>0) is arbitrary we get from (13) that
gi\"™!
1
logP=Um, M, (r Lo (m, q)] teg,amm
liminf g % le ((,,)q)( ;= [Lafl Em Zi] !
r—00 pp V(F X ,
(log[‘?—l](rL(r))) ¢ 9i
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1

L Loy mp)
e, LgP O (F) < [—L? Z:g] Paime)
gi g
L
Now in view of Theorem A, we get that % < p((;p'q) (F) and as &(>0) is arbitrary therefore it follows from
giv
above that
1
o log?~1IM, ™ M, (1) L3y, (m, @) Hagionm
hrnllo?f L@ Dy | ta,, (m,p)
(togla=11(rL(r))) ‘
1
L~ T
. L=(.q) Ufi(m.q)] Ag;(mp)
1. F) <|———
o LA < | (36)

Also in view of (27), we get from (21) for a sequence of values of r tending to infinity that
Lar.(mq)
logP =M, ~'M;, () < log? 1M, ™! [exp[m‘” {( 17, (m,q) +€) <(log[q‘1](rL(r))) rima )}]
1

Lag,am, Lig,
log M =1exp [m—l]{( Lffi(m,q)+e)((log[q_”(rL(r))) f;(””ﬂ)} g;(mp)

(1zg,(mp)—e)

i.e., logP=UM, “'M; (1) < logP~explr 1]

1 iy, ma)

L I
i -1y -1 (“rpmad+e) | g omp) lq-1] Lagmp)
i.e., log® My~ Mg (r) < [( e (log (TL(r))) g

ie.,

1
lug[p_l]Mgi_lei(r) < (L?fi(m,q)+e) ngi(m.p)
Lag,oma) = (L?gi(m,p)—e)

(lug la=11(rL (r))) Lag;omp)

L
L Af;(m, . . .
Now in view of Theorem A, we get that Llf ’E:ll Z)) < Lpép’q)(F ) and as &(>0) is arbitrary therefore it follows from
gdi §
above that
1
. log? =M, = My, (r) L77,(m, q)] Fag;mp)
liminf - - =
roe 7y,(m,p)

Lp(p.q)(F) -
(loglq—l](rL(r))) ¢

1

. _ L2, (m,a)] Tag,(mp)

1.e, LO’ép'q)(F) < [m] gimp, 37

Also in view of (27), we get from (21) for a sequence of values of r tending to infinity that

Lag,ama)
log” 1My, = My, (r) < log?~IM,, ™! [ex”[m_” {( "1, (m,q) + €) <(109["‘”(“(r))) " )H
1

Ll L
log M =1lexp [m—l]j( L‘rfi(m,q)+e)((log [q_l](rm))) f.-(m.q))t 4g;(mp)

i [p-1lps -1 < [p—1] [p-1]
i.e, log M, ="M (1) < log exp [Ty )

1 Lllfi (mq)

L Ly oy Lo
i b-1lpy —1 (frymayte) | Fagyomp) lg-1] L mp)
ie., log? "My, "My (r) < [(Lrgi(m,p)—e) (log (TL(T))) !

ie., Ty o) =

1
log[p_l]Mgi_lei(r) B (eri(m,q)+e) ngi(md’)
(T 1<)
L
(togla=11(rL(r))) “A9:mP)

Las.(m, . . .
Now in view of Theorem A, we get that % < Lp((;”"”(F) and as €(>0) is arbitrary therefore it follows from
gi\™!
above that
1
logP~UMm, ~*M, (r Lz, (m, @)1 "g,amm
liminf 9 9gi fl( ) < [ fl( q)] g
T —00

L ®.4) =L
(togla=11(rL(r))) et L)

1

L L
. L=.9) Tr,(m,q)| *ag;(mp)
e, PO (F) < [—L% (m’p)] . (38)

Also in view of (27), we get from (21) for a sequence of values of r tending to infinity that
"4y, (mq)
log?~IM,, ™" My, (r) < log?~"IM,, ™! [exp[m_l] {( 1, (m,q) + €) ((l"g["‘”(“(ﬂ)) - )H
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1
L
logm=1lexp [mfl]{( Lffi(m,q)+6)((log q-1] (rL(r))) (Mq)>} Pg;(mp)

( Lf’gi(m'p)_e)

i.e, log?=IM, ~'M; (1) < logP~Vexplr 1]

Lag, (ma)

1
m e)l Loy, (m,
ie, log?M, ~"M; (1) < Cpmarte)| Fogmo) (log[q’l](rL(r))) Lpgymp)
( ngi(m,p) E)

i.e.,

Llfi(mrtI) - (ngi(m,p)fs)

1
log [P’I]MgifleL.(r) < [( L'[fi(m,q)JrE)] Lpgi(m,p)

L
(log la-1](rL (r))) pg;mp)

Now in view of Theorem A, we get that % < (” ) (F) and as €(>0) is arbitrary therefore it follows from
Pg;
above that
1
o log? =M, "' My, (1) L, (m, q) ] Fogymp)
hrmglf Lp(p '”(F) = LJ _(m’p)
(log[q‘l](rL(r))) ¢ o
1
L- T =
i L=0.0) ) < Tfi(m"”] pgimp)
e, FPD(F) < [Lagi — . (39)

Also in view of (24), we get from (6) for a sequence of values of r tending to infinity that

Las.mq)
1og 11, 3 1) = 1og 1, exp 1 { () +.) (g () |
1

Lag,am, Log,
logm=exp [m_l]{( eri(m,q)+e)((log la=1(rL () f'(mq))} Poim®)

. [p—1] -1 < [p-1] [p-1]
i.e, log® My~ My (r) < log? Hexp (“q,0mp)—¢)

1 iy, ma)

L L
- p-1lpy -1 (Frrmase) | Fogtmm () 1qoa) Log mp)
e, log?™ "My, My, (r) < [(wgi(m,p)—e) (tog(rL(r)) s

ie log [p_l]Mgi_lei(r) < [(eri(m,q)+e)] LPgi(m,p)

Llfi(m.GI) - (LEgi(m,p)—e)

L
(togla=11(rL (1)) “Pos™P)

Now in view of Theorem A, we get that % < (p “D(F) and as £(>0) is arbitrary therefore it follows from
above that .
7 (toge ey o P)
1
e,  aP(F) < [—f_g E::Z))] Taum) (40)

Therefore the second part of the theorem follows from (34),(35),(36),(37),(38),(39) and(40).

Theorem 6 Under the prlmary assumptions as laid down in Theorem 1 the following conclusion can be derived:

( [ 2, (m, @) [ Faima [ by (m, )| P [ 5,(m, q)] pgamq)\l

1
7, (. p) EAC0) B KA e LGl KD
“ e it ! I KA )
Lo, (m, @) Peama) [ Loy, (m, @) Fagmo [ LG5, (m, q)] Fagima g N1
| [ i i |
\'{ %o, (mp) ', (mp) 'z,,(m, p)
and
1 1 R S
La'f,-(m,CI) Log;ma) LTf,-(m;CI) Fagyma) LEfi(m; q)] “2g;ma) L_(.q)
ma. T N T= 7 N I= 7. N = TG (F)
gy, (m, p) 7y, (m,p) 7y, (m,p)
1 1
] eri(m,q) Log,ma) Lffl_(m, q)] teg;ma
Smm T= 7. .~ T N
0y, (m, p) ag,(m,p)
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Conclusion.

The prime moto of our work as presented in the paper is to tackle the estimation of different relative growth
indicators of higher index in case of entire algebroidal functions defined in the finite complex plane using the
techniques and properties of slowly changing functions.But one may raise question about the effect of
deducing the identical class of theorems for the functions analytic in the unit disc and these deductions are
still open and virgin in the field of comparative growth estimations of analytic functions.
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